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1 

♦

A 2𝑛7 

20 ≡ 1[7]21 ≡ 2[7]22 ≡ 4[7]23 ≡ 1[7]

2𝑛7

𝑘 ∈ ℤ3𝑘 + 23𝑘 + 13𝑘𝑛 =
[7]4212𝑛 ≡

62𝑛 ≡ 1[7]

62𝑛 ≡ 36𝑛[7] ≡ 1𝑛[7] ≡ 1[7]

62𝑛 ≡ (−1)2𝑛[7] ≡ 1[7]2𝑛

- 6𝑛7 

62𝑛 ≡ 1[7]

62𝑛+1 ≡ 62𝑛 × 6[7] ≡ 1 × 6[7] ≡ 6[7]

6𝑛7

𝑘 ∈ ℤ2𝑘 + 12𝑘𝑛 =
[7]616𝑛 ≡

B (20212022 + 19621443)1954 − 27 

2021 ≡ 5[7] ≡ −2[7]

2022 = 3(674)
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20212022 ≡ (−2)3(674)[7] ≡ 1[7]

1962 ≡ 2[7]

1443 = 3(481)

19621443 ≡ 23(481)[7] ≡ 1[7]

1954 = 3(651) + 1

(20212022 + 19621443)1954 − 2 ≡ ((−2)3(674) + 23(481))
3(651)+1

− 2[7] 

≡ (2)3(651)+1 − 2[7] 

≡ 2 − 2[7] 

≡ 0[7]

C 𝑎𝑛7 

𝑎𝑛 = 2𝑛 + 6𝑛

𝑘 ∈ ℤ6𝑘 + 5 6𝑘 + 4 6𝑘 + 3 6𝑘 + 26𝑘 + 16𝑘𝑛 =
[7]3 3 0 5122𝑛 + 6𝑛 ≡

𝑆𝑛+6 ≡ 𝑆𝑛[7]

𝑆𝑛 = 𝑎0 + 𝑎1 +⋯+ 𝑎𝑛 

= 20 + 60 + 21 + 61 +⋯+ 2𝑛 + 6𝑛 

= (20 + 21 +⋯+ 2𝑛) + (60 + 61 +⋯+ 6𝑛) 

=
2𝑛+1 − 1

2 − 1
+
6𝑛+1 − 1

6 − 1
 

= 2𝑛+1 − 1 +
6𝑛+1 − 1

5



 

3 

𝑆𝑛+6 = 2𝑛+6+1 − 1 +
6𝑛+6+1 − 1

5
 

= 2𝑛+1 × 26 − 1 +
6𝑛+1 × 66 − 1

5

𝑆𝑛+6 ≡ 2𝑛+1 × 26 − 1 +
6𝑛+1 × 66 − 1

5
[7] 

≡ 2𝑛+1 × (1) − 1 +
6𝑛+1 × (1) − 1

5
[7] 

≡ 2𝑛+1 − 1 +
6𝑛+1 − 1

5
[7] 

≡ 𝑆𝑛[7]

𝑆𝑛 ≡ 2𝑛+1 + 3 × 6𝑛+1 + 3[7]

𝑆𝑛 ≡ 2𝑛+1 − 1 +
6𝑛+1 − 1

5
[7]

5𝑆𝑛 ≡ 5 × 2𝑛+1 − 5 + 6𝑛+1 − 1[7]

5𝑆𝑛 ≡ 5 × 2𝑛+1 + 6𝑛+1 + 1[7]

5𝑆𝑛 ≡ 5 × 2𝑛+1 + 15 × 6𝑛+1 + 15[7]15 ≡ 1[7]

𝑆𝑛 ≡ 2𝑛+1 + 3 × 6𝑛+1 + 3[7]

- 𝑛𝑆𝑛 ≡ 0[7] 

𝑆𝑛 ≡ 0[7]

𝑆𝑛 ≡ 2𝑛+1 + 3 × 6𝑛+1 + 3[7]

𝑘 ∈ ℤ6𝑘 + 5 6𝑘 + 4 6𝑘 + 3 6𝑘 + 26𝑘 + 16𝑘𝑛 =
[7]0 4 1 1322𝑛+1 + 3 × 6𝑛+1 + 3 ≡

𝑛𝑆𝑛 ≡ 0[7]𝑛 = 6𝑘 + 5𝑘 ∈ ℤ

♦

A  

• 

𝑣𝑛+1 = 𝑢𝑛+1 + 𝛽 

=
1

5
𝑢𝑛 +

1

5
𝛼 + 𝛽 

=
1

5
(𝑢𝑛 + 𝛼 + 5𝛽) 

=
1

5
(𝑢𝑛 + 𝛽 + 𝛼 + 4𝛽) 

=
1

5
(𝑣𝑛 + 𝛼 + 4𝛽)



 

4 

(𝑣𝑛)𝛼 + 4𝛽 = 0𝛼 = −4𝛽

B 

• 

𝑢𝑛+1 − 𝑢𝑛 = ln√𝑒(𝑛+1) ln 2 − ln√𝑒𝑛 ln2 

= ln√
𝑒(𝑛+1) ln2

𝑒𝑛 ln 2
 

= ln√
𝑒ln 2 × 𝑒𝑛 ln2

𝑒𝑛 ln 2
 

= ln√2

(𝑢𝑛)ln √2

C  

• 

𝑥 = 1010 ≡ 3[7]10 ≡ 1[3]10 ≢ 3[21]

D  

• 

𝑓(−𝑥) = ln (√(−𝑥)2 + 1 − (−𝑥)) 

= ln (√𝑥2 + 1 + 𝑥) 

= ln (
(√𝑥2 + 1 + 𝑥)(√𝑥2 + 1 − 𝑥)

√𝑥2 + 1 − 𝑥
) 

= ln (
𝑥2 + 1 − 𝑥2

√𝑥2 + 1 − 𝑥
) 

= ln (
1

√𝑥2 + 1 − 𝑥
) 

= − ln (√𝑥2 + 1 − 𝑥) 

= −𝑓(𝑥)

𝑓

♦

A (𝐶)(Δ)𝑦 = 𝑥 

𝑓(𝑥) − 𝑥 =
2𝑥2 + 5

2𝑥 + 1
− 𝑥 

=
2𝑥2 + 5 − 2𝑥2 − 𝑥

2𝑥 + 1
 

=
5 − 𝑥

2𝑥 + 1
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2𝑥 + 1 > 0𝑥 ∈ ℝ+

5 − 𝑥

5 − 𝑥 = 0𝑥 = 5

+∞50𝑥
−0+𝑓(𝑥) − 𝑥

𝑢0𝑢1𝑢2

- (𝑢𝑛)

𝑢1 < 𝑢2 < 𝑢3(𝑢𝑛)5

B 𝑛2 ≤ 𝑢𝑛 < 5 

2 ≤ 𝑢𝑛 < 5…𝑃(𝑛)

2 ≤ 𝑢0 < 52 ≤ 2 < 5𝑃(0)

𝑃(𝑛)𝑃(𝑛 + 1)

2 ≤ 𝑢𝑛 < 5

𝑓𝑓[2; +∞[

2 ≤ 𝑢𝑛 < 5 ⟹ 𝑓(2) ≤ 𝑓(𝑢𝑛) < 𝑓(5)

⟹
13

5
≤ 𝑢𝑛+1 < 5 

⟹ 2 ≤ 𝑢𝑛+1 < 5

𝑃(𝑛 + 1)𝑛2 ≤ 𝑢𝑛 < 5

(𝑢𝑛)
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𝑓(𝑥) − 𝑥 > 0𝑥 ∈ [2; 5[

𝑢𝑛+1 − 𝑢𝑛 > 02 ≤ 𝑢𝑛 < 5

(𝑢𝑛)ℕ

-  

(𝑢𝑛)5

C 𝑛5 − 𝑢𝑛+1 =
2𝑢𝑛

2𝑢𝑛+1
(5 − 𝑢𝑛) 

5 − 𝑢𝑛+1 = 5 −
2(𝑢𝑛)

2 + 5

2𝑢𝑛 + 1
 

=
10𝑢𝑛 + 5 − 2(𝑢𝑛)

2 − 5

2𝑢𝑛 + 1
 

=
10𝑢𝑛 − 2(𝑢𝑛)

2

2𝑢𝑛 + 1
 

=
2𝑢𝑛

2𝑢𝑛 + 1
(5 − 𝑢𝑛)

D 𝑛
2𝑢𝑛

2𝑢𝑛+1
≤

10

11
 

2𝑢𝑛
2𝑢𝑛 + 1

=
2𝑢𝑛 + 1 − 1

2𝑢𝑛 + 1
=
2𝑢𝑛 + 1

2𝑢𝑛 + 1
−

1

2𝑢𝑛 + 1
= 1 −

1

2𝑢𝑛 + 1

𝑢𝑛 < 5 ⟹ 2𝑢𝑛 + 1 < 11 

⟹
1

11
<

1

2𝑢𝑛 + 1
 

⟹
−1

2𝑢𝑛 + 1
< −

1

11
 

⟹ 1+
−1

2𝑢𝑛 + 1
<
10

11
 

⟹
2𝑢𝑛

2𝑢𝑛 + 1
<
10

11

0 < 5 − 𝑢𝑛 ≤ 3(
10

11
)
𝑛

( )1

2
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2 1
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u
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u
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+
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u

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10

11
5 5 nnu u+ − −
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{
  
 

  
 𝑛 = 0: 5 − 𝑢1 ≤

10

11
(5 − 𝑢0)

𝑛 = 1: 5 − 𝑢2 ≤
10

11
(5 − 𝑢1)

⋮

𝑛 = 𝑘 − 1: 5 − 𝑢𝑘 ≤
10

11
(5 − 𝑢𝑘−1)

(5 − 𝑢1) × (5 − 𝑢2) × …× (5 − 𝑢𝑘) ≤
10

11
(5 − 𝑢0) ×

10

11
(5 − 𝑢1) × …×

10

11
(5 − 𝑢𝑘−1)

5 − 𝑢𝑘 ≤ (
10

11
)
𝑘

(5 − 𝑢0)

5 − 𝑢𝑘 ≤ 3(
10

11
)
𝑘

5 − 𝑢𝑛 ≤ 3(
10

11
)
𝑛

𝑢𝑛 < 50 < 5 − 𝑢𝑛

0 < 5 − 𝑢𝑛 ≤ 3(
10

11
)
𝑛

- lim
𝑛→+∞

𝑢𝑛 

0 < 5 − 𝑢𝑛 ≤ 3(
10

11
)
𝑛

⟹ 0 < lim
𝑛→+∞

(5 − 𝑢𝑛) ≤ lim
𝑛→+∞

3 (
10

11
)
𝑛

 

⟹ 0 < lim
𝑛→+∞

(5 − 𝑢𝑛) ≤ 0

⟹ lim
n→+∞

(5 − 𝑢𝑛) = 0

⟹ lim
𝑛→+∞

(𝑢𝑛) = 5

 

♦

A 𝑙𝑖𝑚
𝑥→−∞

𝑓(𝑥)𝑙𝑖𝑚
𝑥
<
→1

 𝑓(𝑥) 

• 𝑙𝑖𝑚
𝑥→−∞

𝑓(𝑥) = 𝑙𝑖𝑚
𝑥→−∞

(
𝑒𝑥

𝑥 − 1
−

𝑥2

𝑥 − 1
) = 𝑙𝑖𝑚

𝑥→−∞
(
𝑒𝑥

𝑥 − 1
− 𝑥) = +∞  

• 𝑙𝑖𝑚
𝑥
<
→1

 𝑓(𝑥) = 𝑙𝑖𝑚
𝑥→−∞

(
𝑒 − 1

𝑥 − 1
) = −∞

B 𝑥𝑒𝑥 − 𝑥 > 0 

𝑒𝑥 > 𝑥𝑥 ∈ ℝ

𝑒𝑥 − 𝑥 > 0𝑥 ∈ ℝ
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𝑥 ⟼ 𝑒𝑥 − 𝑥𝑥 ≤ 0𝑥 ≥ 0

𝑒𝑥 − 𝑥 > 0

𝑥]−∞; 1[𝑓′(𝑥) =
(𝑥−2)(𝑒𝑥−𝑥)

(𝑥−1)2

𝑓′(𝑥) =
(𝑒𝑥 − 2𝑥)(𝑥 − 1) − 𝑒𝑥 + 𝑥2

(𝑥 − 1)2
 

=
𝑥𝑒𝑥 − 𝑒𝑥 − 2𝑥2 + 2𝑥 − 𝑒𝑥 + 𝑥2

(𝑥 − 1)2
 

=
𝑥𝑒𝑥 − 2𝑒𝑥 − 𝑥2 + 2𝑥

(𝑥 − 1)2
 

=
𝑒𝑥(𝑥 − 2) − 𝑥(𝑥 − 2)

(𝑥 − 1)2
 

=
(𝑥 − 2)(𝑒𝑥 − 𝑥)

(𝑥 − 1)2

𝑓

𝑓′(𝑥) =
(𝑥 − 2)(𝑒𝑥 − 𝑥)

(𝑥 − 1)2

𝑒𝑥 − 𝑥 > 0(𝑥 − 1)2 > 0𝑥 ∈ ℝ

𝑥 − 2 < 0𝑥 ∈ ]−∞; 2[

𝑓′(𝑥) < 0𝑥 ∈ ]−∞; 2[

1−∞𝑥

−𝑓′(𝑥)

+∞

𝑓(𝑥)

−∞

C 𝑙𝑖𝑚
𝑥→−∞

(𝑓(𝑥) + 𝑥) 

𝑙𝑖𝑚
𝑥→−∞

(𝑓(𝑥) + 𝑥) = 𝑙𝑖𝑚
𝑥→−∞

(
𝑒𝑥 − 𝑥2

𝑥 − 1
+ 𝑥) 

= 𝑙𝑖𝑚
𝑥→−∞

(
𝑒𝑥 − 𝑥2 − 𝑥2 − 𝑥

𝑥 − 1
) 

= 𝑙𝑖𝑚
𝑥→−∞

(
𝑒𝑥

𝑥 − 1
−

𝑥

𝑥 − 1
) 

= 𝑙𝑖𝑚
𝑥→−∞

(
𝑒𝑥

𝑥 − 1
− 1) 

= −1

-  

𝑙𝑖𝑚
𝑥→−∞

(𝑓(𝑥) + 𝑥) = −1 ⟹ 𝑙𝑖𝑚
𝑥→−∞

(𝑓(𝑥) + 𝑥 + 1) = 0 

⟹ 𝑙𝑖𝑚
𝑥→−∞

(𝑓(𝑥) − (−𝑥 − 1)) = 0
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(𝐶)𝑦 = −𝑥 − 1−∞

(𝐶)(Δ)𝑦 = −𝑥 − 1

𝑓(𝑥) − (−𝑥 − 1) = 𝑓(𝑥) + 𝑥 + 1 

=
𝑒𝑥 − 𝑥2

𝑥 − 1
+ 𝑥 + 1 

=
𝑒𝑥 − 𝑥2 + 𝑥2 − 1

𝑥 − 1
 

=
𝑒𝑥 − 1

𝑥 − 1
10−∞𝑥

+0−𝑒𝑥 − 1
−−𝑥 − 1
−0+𝑓(𝑥) − (−𝑥 − 1)

(𝐶)(Δ)𝑥 ∈ ]−∞; 0[𝑥 ∈ ]0; 1[𝑥 = 0

D (𝑇)(𝐶)0 

(𝑇): 𝑦 = 𝑓′(0)𝑥 + 𝑓(0) ⟹ (𝑇): 𝑦 = −2𝑥 − 1

E 𝑓(𝑥) = 0𝛼−0.8 < 𝛼 < −0.7 

𝑓]−∞; 1[

𝑓(−0.8) × 𝑓(−0.7) < 0𝑓(−0.8) ≈ 0.11    𝑓(−0.7) ≈ −0.01

𝑓(𝑥) = 0𝛼−0.8 < 𝛼 < −0.7

(𝑇)(Δ)(𝐶)
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F 
𝑒𝑥−𝑥2+𝑥−1

𝑥−1
= 𝑚𝑥 

𝑒𝑥 − 𝑥2 + 𝑥 − 1

𝑥 − 1
= 𝑚𝑥 ⟹

𝑒𝑥 − 𝑥2

𝑥 − 1
+
𝑥 − 1

𝑥 − 1
= 𝑚𝑥 

⟹
𝑒𝑥 − 𝑥2

𝑥 − 1
+ 1 = 𝑚𝑥 

⟹ 𝑓(𝑥) = 𝑚𝑥 − 1

(𝐶)𝑦 = 𝑚𝑥 − 1

𝑚 = 0𝑦 = −1… (∗)

𝑚 = 1𝑦 = 𝑥 − 1…(∗∗)

(∗)(∗∗)−1 = 𝑥 − 1𝑥 = 0

𝑦 = 𝑚𝑥 − 1𝐴(0;−1)

𝐴

𝑚 ∈ ]−∞;−2[

𝑚 = −2

𝑚 ∈ ]−2;−1[

𝑚 > −1

G g(𝑥)(𝐶𝑔)

𝑔(𝑥) =
|𝑒𝑥 − 𝑥2|

𝑥 − 1
=  

{
 

 
𝑒𝑥 − 𝑥2

𝑥 − 1
  ;   𝑥 ∈ [𝛼; 1[

−
𝑒𝑥 − 𝑥2

𝑥 − 1
  ;   𝑥 ∈ ]−∞; 𝛼]

= {
𝑓(𝑥)  ;   𝑥 ∈ [𝛼; 1[

−𝑓(𝑥)  ;   𝑥 ∈ ]−∞; 𝛼]

(𝐶𝑔)(𝐶)𝑥 ∈ [𝛼; 1[(𝐶𝑔)(𝐶)𝑥 ∈ ]−∞;𝛼]

♥♥



 

1 

 



 

2 



 

1 

♦

A 𝑝𝑔𝑐𝑑(𝐴𝑛; 𝐵𝑛) = 𝑝𝑔𝑐𝑑(𝐵𝑛; 7) 

𝑛 + 2𝑛3 + 5𝑛2 + 7𝑛 + 9
𝑛2 + 3𝑛 + 1𝑛3 + 2𝑛2

 3𝑛2 + 7𝑛 + 9 

3𝑛2 + 7𝑛 + 9 
− 

 𝑛 + 9 
𝑛 + 2 −

 7  
𝐴𝑛 = 𝑛3 + 5𝑛2 + 7𝑛 + 9 = (𝑛 + 2)(𝑛2 + 3𝑛 + 1)

𝑑 = 𝑝𝑔𝑐𝑑(𝐴𝑛; 𝐵𝑛)

𝑑
|
𝐴𝑛

𝑑
|
𝐵𝑛

𝑑
|
𝐴𝑛 − (𝑛

2 + 3𝑛 + 1)𝐵𝑛
𝑑
|
7

𝑝𝑔𝑐𝑑(𝐴𝑛; 𝐵𝑛) = 𝑝𝑔𝑐𝑑(𝐵𝑛; 7)

𝑝𝑔𝑐𝑑(𝐴𝑛; 𝐵𝑛)
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𝑑
|
7

𝑑7

𝑑 ∈ {1; 7}

𝑛𝐴𝑛𝐵𝑛

𝐴𝑛𝐵𝑛𝑝𝑔𝑐𝑑(𝐴𝑛; 𝐵𝑛) = 1

𝑝𝑔𝑐𝑑(𝐴𝑛; 𝐵𝑛) = 7

𝐵𝑛 ≡ 0[7]

𝑛 + 2 ≡ 0[7]

𝑛 ≡ −2[7]

𝑛 ≡ 5[7]

𝑛 = 7𝑘 + 5𝑘 ∈ ℤ

𝑝𝑔𝑐𝑑(𝐴𝑛; 𝐵𝑛) = 1

𝑛 ∈ {7𝑘; 7𝑘 + 1; 7𝑘 + 2; 7𝑘 + 3; 7𝑘 + 4; 7𝑘 + 6}𝑘 ∈ ℤ

B (𝑥; 𝑦)(𝐸)𝑥 ≡ 3[4] 

𝐴2𝑥 − 𝐵2𝑦 = 29… (𝐸)

51𝑥 − 4𝑦 = 29… (𝐸)514

51𝑥 − 4𝑦 = 29

51𝑥 = 4𝑦 + 29

51𝑥 ≡ 29[4]

7𝑥 ≡ 5[4]
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21𝑥 ≡ 15[4]

21𝑥 + 𝑥 ≡ 15[4]

𝑥 ≡ 15[4]

𝑥 ≡ 3[4]

(𝐸)

𝑥 ≡ 3[4]

𝑥 = 4𝑘 + 3𝑘 ∈ ℤ

𝑥(𝐸)

51(4𝑘 + 3) − 4𝑦 = 29

𝑦 = 51𝑘 + 31

(𝐸)𝑆 = {(4𝑘 + 3; 51𝑘 + 31)}𝑘 ∈ ℤ

C 51𝑥 − 4𝑦 = 45… (𝐸′) 

(3; 27)(𝐸)

(𝐸′)𝑆′ = {(4𝑘 + 3; 51𝑘 + 27)}𝑘 ∈ ℤ

(𝑥; 𝑦)(𝐸′)|𝑦 − 12𝑥| ≤ 3

|𝑦 − 12𝑥| ≤ 3

|51𝑘 + 27 − 12(4𝑘 + 3)| ≤ 3

|3𝑘 − 9| ≤ 3

|𝑘 − 3| ≤ 1

−1 ≤ 𝑘 − 3 ≤ 1

2 ≤ 𝑘 ≤ 4

𝑘 ∈ {2; 3; 4}

(𝑥; 𝑦)(𝐸′)|𝑦 − 12𝑥| ≤ 3

(𝑥; 𝑦) = {(11; 129); (15; 180); (19; 231)}

♦

A 𝑥]−1;+∞[𝑓(𝑥) = −1 +
1

𝑥+1
+ 𝑙𝑛(𝑥 + 1) 

(𝐶)𝑂 {
𝑓(0) = 0

𝑓′(0) = 0

𝑓(0) = 0ln 𝑏 = 0𝑏 = 1

𝑓(𝑥) =
𝑎𝑥

𝑥 + 1
+ ln(𝑥 + 1)
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𝑓′(𝑥) =
𝑎(𝑥 + 1) − 𝑎𝑥

(𝑥 + 1)2
+

1

𝑥 + 1
=
𝑎 + 𝑥 + 1

(𝑥 + 1)2

𝑓′(0) = 0𝑎 + 1 = 0𝑎 = −1

𝑓(𝑥) =
−𝑥

𝑥 + 1
+ ln(𝑥 + 1)

=
−𝑥 + 1 − 1

𝑥 + 1
+ ln(𝑥 + 1) 

=
−𝑥 − 1

𝑥 + 1
+

1

𝑥 + 1
+ ln(𝑥 + 1) 

= −1 +
1

𝑥 + 1
+ ln(𝑥 + 1)

B 𝑔′(𝑥) 

𝑔′(𝑥) = ln(𝑥 + 1) + 1

- 𝑓]−1;+∞[ 

𝑔′(𝑥) = ln(𝑥 + 1) + 1 ⟹ ln(𝑥 + 1) = 𝑔′(𝑥) − 1 

⟹∫ln(𝑥 + 1) 𝑑𝑥 = ∫(𝑔′(𝑥) − 1)𝑑𝑥 

⟹∫ln(𝑥 + 1) 𝑑𝑥 = 𝑔(𝑥) − 𝑥 + 𝑐

𝐹(𝑥) = ∫(−1 +
1

𝑥 + 1
+ ln(𝑥 + 1)) 𝑑𝑥 

= −𝑥 + ln(𝑥 + 1) + 𝑔(𝑥) − 𝑥 + 𝑐 

= −2𝑥 + ln(𝑥 + 1) + (𝑥 + 1) ln(𝑥 + 1) + 𝑐

= −2𝑥 + (𝑥 + 2) ln(𝑥 + 1) + 𝑐

C 𝑢2022 

𝑢2022 = ∫ 𝑓(𝑥)𝑑𝑥
2022

2021

 

= [𝐹(𝑥)]2021
2022 

= −2(2022) + 2024 ln(2023) + 2(2021) − 2023 ln(2022) 

= −2 + ln(20232024) − ln(20222024) 

= ln (
20232024

20222023
) − 2

-  

𝑢2022(𝐶) {
𝑦 = 0

𝑥 = 2021
𝑥 = 2022

𝑢𝑛 = −2 + (𝑛 + 2) ln(𝑛 + 1) − (𝑛 + 1) ln 𝑛
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𝑢𝑛 = ∫ 𝑓(𝑥)𝑑𝑥
𝑛

𝑛−1

 

= [𝐹(𝑥)]𝑛−1
𝑛  

= −2𝑛 + (𝑛 + 2) ln(𝑛 + 1) + 2𝑛 − 2 − (𝑛 − 1 + 2) ln(𝑛 − 1 + 1) 

= −2 + (𝑛 + 2) ln(𝑛 + 1) − (𝑛 + 1) ln 𝑛

lim
𝑛→+∞

𝑢𝑛

𝑙𝑖𝑚
𝑛→+∞

(𝑢𝑛) = 𝑙𝑖𝑚
𝑛→+∞

[−2 + (𝑛 + 2) ln(𝑛 + 1) − (𝑛 + 1) ln 𝑛] 

= 𝑙𝑖𝑚
𝑛→+∞

[−2 + 𝑛 ln(𝑛 + 1) + 2 ln(𝑛 + 1) − 𝑛 ln 𝑛 − ln 𝑛] 

= 𝑙𝑖𝑚
𝑛→+∞

[−2 + 𝑛 ln (
𝑛 + 1

𝑛
) + ln (

(𝑛 + 1)2

𝑛
)] 

= 𝑙𝑖𝑚
𝑛→+∞

[−2 + 𝑛 ln (1 +
1

𝑛
) + ln (

𝑛2 + 2𝑛 + 1

𝑛
)] 

= 𝑙𝑖𝑚
𝑛→+∞

[−2 +
ln (1 +

1
𝑛
)

1
𝑛

+ ln (𝑛 + 2 +
1

𝑛
)]

1
t
n

=

𝑙𝑖𝑚
𝑛→+∞

(𝑢𝑛) = 𝑙𝑖𝑚
𝑡
>
→0

[−2 +
ln(1 + 𝑡)

𝑡
+ ln (

1

𝑡
+ 2 + 𝑡)] = +∞

{
 
 

 
 𝑙𝑖𝑚

𝑡
>
→0

[
ln(1 + 𝑡)

𝑡
] = 1

𝑙𝑖𝑚
𝑡
>
→0

[ln (
1

𝑡
+ 2 + 𝑡)] = +∞

♦

A 𝑛𝑣𝑛+1 = −
1

3
(𝑣𝑛)

2 

𝑣𝑛+1 = 𝑢𝑛+1 − 1

= −
1

3
𝑢𝑛

2 +
2

3
𝑢𝑛 +

2

3
− 1

= −
1

3
𝑢𝑛

2 +
2

3
𝑢𝑛 −

1

3
 

= −
1

3
(𝑢𝑛

2 − 2𝑢𝑛 + 1) 

= −
1

3
(𝑢𝑛 − 1)

2 

= −
1

3
(𝑣𝑛)

2  

B 𝑛−3 ≤ 𝑣𝑛 < 0 

−3 ≤ 𝑣𝑛 < 0…𝑃(𝑛)

𝑃(0)−3 ≤ 𝑣0 < 0−3 ≤ −1 < 0
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𝑃(0)

𝑃(𝑛)𝑃(𝑛 + 1)

−3 ≤ 𝑣𝑛 < 0 ⟹ 9 ≥ (𝑣𝑛)
2 > 0 

⟹−3 ≤ −
1

3
(𝑣𝑛)

2 < 0 

⟹−3 ≤ 𝑣𝑛+1 < 0

𝑃(𝑛)𝑛 ∈ ℕ

C (𝑣𝑛) 

𝑣𝑛+1 − 𝑣𝑛 = −
1

3
(𝑣𝑛)

2 − 𝑣𝑛 

= −𝑣𝑛 (
1

3
𝑣𝑛 + 1)

−3 ≤ 𝑣𝑛 < 03 ≥ −𝑣𝑛 > 0

−3 ≤ 𝑣𝑛 < 00 ≤
1

3
𝑣𝑛 + 1 < 1

𝑣𝑛+1 − 𝑣𝑛 > 0(𝑣𝑛)ℕ

- (𝑣𝑛) 

(𝑣𝑛)00

D (𝑤𝑛)2 

𝑤𝑛+1 = ln (−
3

𝑣𝑛+1
) 

= ln(−
3

−
1
3
(𝑣𝑛)

2
) 

= ln (
32

(𝑣𝑛)
2
) 

= ln (
3

𝑣𝑛
)
2

 

= 2 ln (
3

𝑣𝑛
) 

= 2𝑤𝑛

𝑤0 = ln (−
3

𝑣0
) = ln 3

𝑤𝑛𝑣𝑛𝑢𝑛𝑛

𝑤𝑛 = 2𝑛 ln(3) ⟹ 𝑤𝑛 = ln(3)2
𝑛

𝑤𝑛 = ln (−
3

𝑣𝑛
) ⟹ −

3

𝑣𝑛
= 𝑒𝑤𝑛  
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⟹ 𝑣𝑛 = −
3

𝑒𝑤𝑛
 

⟹ 𝑣𝑛 = −
3

𝑒ln(3)
2𝑛

 

⟹ 𝑣𝑛 = −
3

(3)2
𝑛  

⟹ 𝑣𝑛 = −(31−2
𝑛
)

𝑣𝑛 = 𝑢𝑛 − 1 ⟹ 𝑢𝑛 = 𝑣𝑛 + 1 

⟹ 𝑢𝑛 = 1 − (31−2
𝑛
)

- lim
𝑛→+∞

𝑢𝑛 

𝑙𝑖𝑚
𝑛→+∞

(𝑢𝑛) = 𝑙𝑖𝑚
𝑛→+∞

(1 − (31−2
𝑛
)) = 1

𝑙𝑖𝑚
𝑛→+∞

(31−2
𝑛
) = 𝑙𝑖𝑚

𝑛→+∞
(

1

32
𝑛−1
) = 0

E 𝑛𝑃𝑛 

𝑤𝑛 = ln (−
3

𝑣𝑛
) ⟹ −

3

𝑣𝑛
= 𝑒𝑤𝑛 ⟹

1

𝑣𝑛
= −

1

3
𝑒𝑤𝑛  

𝑃𝑛 =
1

𝑣0
×
1

𝑣1
× …×

1

𝑣𝑛
 

= (−
1

3
) 𝑒𝑤0 × (−

1

3
) 𝑒𝑤1 × …× (−

1

3
) 𝑒𝑤𝑛  

= (−
1

3
)
𝑛+1

𝑒𝑤0+𝑤1+⋯+𝑤𝑛  

= (−
1

3
)
𝑛+1

𝑒
ln 3(

1−2𝑛+1

1−2
)
 

= (−
1

3
)
𝑛+1

𝑒ln 3(2
𝑛+1−1) 

= (−
1

3
)
𝑛+1

𝑒ln 3
(2𝑛+1−1)

 

= (−
1

3
)
𝑛+1

× 3(2
𝑛+1−1)

♦

I)  

A ℎ 

ℎ′(𝑥) = 1 +
1

𝑥
=
𝑥 + 1

𝑥
ℎ′(𝑥) > 0]0;+∞[
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ℎ

B ℎ(𝑥) = 0𝛼0.5 < 𝛼 < 0.6 

ℎ]0; +∞[

ℎ(0.6) × ℎ(0.5) < 0

ℎ(𝑥) = 0𝛼0.5 < 𝛼 < 0.6

ℎ(𝑥)]0; +∞[

+∞𝛼0𝑥
+0−ℎ(𝑥)

II)   

A 𝑙𝑖𝑚
𝑥
>
→0

 𝑓(𝑥)𝑙𝑖𝑚
𝑥→+∞

𝑓(𝑥) 

•  𝑙𝑖𝑚
𝑥
>
→0

 𝑓(𝑥) = +∞

• 𝑙𝑖𝑚
𝑥→+∞

 𝑓(𝑥) = 𝑙𝑖𝑚
𝑥→+∞

[𝑥2 (−
1

2
+
3

𝑥
−
ln 𝑥

𝑥
+ (

ln 𝑥

𝑥
)
2

)] = −∞  

B 𝑥𝑓′(𝑥) =
(2−𝑥)ℎ(𝑥)

𝑥
 

𝑓′(𝑥) = −
1

2
(2𝑥) + 3 − ln 𝑥 − 1 +

2 ln 𝑥

𝑥
 

=
−𝑥2 + 3𝑥 − 𝑥 ln 𝑥 − 𝑥 + 2 ln 𝑥

𝑥
 

=
(2 − 𝑥) ln 𝑥 + 𝑥(2 − 𝑥)

𝑥
 

=
(2 − 𝑥)(ln 𝑥 + 𝑥)

𝑥
 

=
(2 − 𝑥)ℎ(𝑥)

𝑥
𝑓

𝑓′(𝑥) =
(2 − 𝑥)ℎ(𝑥)

𝑥
 

𝑥 > 0]0; +∞[

+∞2𝛼0𝑥
++0−ℎ(𝑥)

−0++2 − 𝑥
−0+0−𝑓′(𝑥)

𝑓(2)+∞

𝑓(𝑥)

−∞𝑓(𝛼)

C 𝑓(𝛼) =
3

2
𝛼(𝛼 + 2) 

ℎ(𝛼) = 0
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𝛼 + ln 𝛼 = 0

ln 𝛼 = −𝛼

𝑓(𝛼 ) = −
1

2
𝑥2 + 3𝑥 − 𝑥 ln 𝑥 + (ln 𝑥)2 

=
3

2
𝛼2 + 3𝛼

=
3

2
𝛼(𝛼 + 2)

- 𝑓(𝛼) 

0.5 0.6 

2.5 2 2.6 + 

( )1.25 2 1.56  + 

( )
3

1.875 2 2.34
2
  + 

( )1.875 2.34f  

D  𝑔 

𝑔′(𝑥) = 2𝑥 + 1 +
2

𝑥
𝑔′(𝑥) > 0𝑔]0; +∞[

- 𝑔(1) 

𝑔(1) = 0

(𝐶)𝐴 

𝑓′′(𝑥) =
[−(ln 𝑥 + 𝑥) + (

1
𝑥
+ 1) (2 − 𝑥)] 𝑥 − [(2 − 𝑥)(ln 𝑥 + 𝑥)]

𝑥2

=
−𝑥 ln 𝑥 − 2𝑥2 + 2 + 𝑥 − 2 ln 𝑥 − 2𝑥 + 𝑥 ln 𝑥 + 𝑥2

𝑥2
 

=
−𝑥2 + 2 + 𝑥 − 2 ln 𝑥

𝑥2
 

=
−(𝑥2 − 2 − 𝑥 + 2 ln 𝑥)

𝑥2
 

=
−𝑔(𝑥)

𝑥2

𝑥2 > 0𝑓′′(𝑥)𝑔(𝑥)

+∞10𝑥
+0−𝑔(𝑥)

− 0+𝑓′′(𝑥)

1
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(𝐶)𝑥 = 1

𝜔 (1;
5

2
)

(𝑇)(𝐶)𝐴

(𝑇): 𝑦 = 𝑓′(1)(𝑥 − 1) + 𝑓(1) 

= 𝑥 − 1 +
5

2
 

= 𝑥 +
3

2

E (𝑇)(𝐶)]0; 5] 

F  𝑘 

𝑘′(𝑥) = −𝑒−𝑥𝑓′(𝑒−𝑥)

𝑒−𝑥 > 0

𝑓′(𝑒−𝑥)

+∞2𝛼0𝑥

𝑓(2)+∞

𝑓(𝑥)

−∞𝑓(𝛼)
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𝑥 ⟼ 𝑒−𝑥ℝ

- 𝛼 < 𝑒−𝑥 < 2− ln 2 < 𝑥 < − ln 𝛼𝑓′(𝑒−𝑥) > 0 

- 𝑒−𝑥 > 2𝑥 < − ln 2𝑓′(𝑒−𝑥) < 0 

- 𝑒−𝑥 > 𝛼𝑥 < − ln 𝛼𝑓′(𝑒−𝑥) < 0

- 𝑒−𝑥 = 2𝑥 = − ln 2𝑓′(𝑒−𝑥) = 0 

- 𝑒−𝑥 = 𝛼𝑥 = − ln 𝛼𝑓′(𝑒−𝑥) = 0

+∞− ln 𝛼− ln 2−∞𝑥
−0+0−𝑓′(𝑒−𝑥)

−−−−𝑒−𝑥

+0−0+𝑘′(𝑥)

- lim
𝑥→−∞

𝑘(𝑥)lim
𝑥→+∞

𝑘(𝑥) 

• 𝑙𝑖𝑚
𝑥→−∞

𝑘(𝑥) = 𝑙𝑖𝑚
𝑥→−∞

𝑓(𝑒−𝑥) = 𝑙𝑖𝑚
𝑥→+∞

𝑓(𝑥) = −∞  

• 𝑙𝑖𝑚
𝑥→+∞

𝑘(𝑥) = 𝑙𝑖𝑚
𝑥→+∞

𝑓(𝑒−𝑥) = 𝑙𝑖𝑚
𝑥
>
→0

𝑓(𝑥) = +∞

𝑘

+∞− ln 𝛼− ln 2−∞𝑥
+0−0+𝑘′(𝑥)

+∞ 𝑘(− ln 2)

𝑘(𝑥)  

𝑘(− ln 2)−∞

♥♥


